Summary. An exact 1-step dominating set in a graph G is a subset S of vertices of G such that ( ) 1 N v S   for every vertex ( ) v V G  . A graph is an exact 1-step domination graph if it contains an exact 1-step dominating set. In this paper, we obtain new upper bounds on the size of exact 1-step domination graphs. We also present an upper bound on the total domination number of an exact 1-step domination tree and characterize trees achieving equality for this bound.
INTRODUCTION
For notation and graph theory terminology not given here, we refer to [7] . Let 
, is the minimum cardinality of a dominating set of G . A total dominating set of a graph G with no isolated vertex is a set S of vertices of G such that every vertex in ( ) V G has a neighbor in S. The total domination number, ( ) t G  , is the minimum cardinality of a total dominating set of G . The literature on the subject of total domination parameters in graphs has been surveyed and detailed in the book [9] .
An efficient dominating set S in a graph G is a set of vertices of a graph G such that
The concept of efficient domination is introduced by Bang, Barkauskas and slater [1] and the concept of efficient open domination is introduced by Gavlas and Schultz [6] . 
. A k-step dominating set S such that the sets ( )
 , are pairwise disjoint, is called an exact k-step dominating set. If a graph G has an exact k-step dominating set, then G is called an exact k-step domination graph. Note that exact 1-step domination is equivalent to efficient open domination.
The concept of step domination and exact k-step domination is further studied in [5, 10] . Dror, Lev and Roditty obtained upper bounds for the step domination number of trees in [5] , and Patricia Hersh obtained the minimum order for exact k-step domination graphs and determined exact k-step domination graphs with exact k-step dominating set as small as possible. Furthermore, they studied exact k-step domination graphs of order n with exact kstep dominating sets of cardinality n in [10] . Also, Schultz, Chartrand and Harary determined which graphs are exact 2-step domination graphs in [12, 13] .
In this paper, we continue the study of exact 1-step domination graphs. In Section 2, we present some known and preliminary results. In Section 3, we obtain new upper bounds on the size of exact 1-step domination graphs, that improve previous bounds given that the graph is an exact 1-step domination graph. In Section 4, we give an (improved) upper bound on the total domination number of an exact 1-step domination tree and characterize trees achieving equality for this bound.
KNOWN RESULTS AND PRELIMINARIES
We begin this section with the following bound on the size of a graph in terms of order and total domination number that is given in [4] .
Theorem 1 (Dankelmann et al. [4] ) If G is a graph without isolated vertices of order n, size m, and total domination number t  , then
is even / 2 is odd .
The following bound on the size of a graph in terms of order and total domination number is given in [8, 14] .
Theorem 2 ( [8, 14] ) Let G be a graph each component of which has order at least 3, and let G have order n, size m, total domination number t  , and maximum degree ( )
Chellali and Haynes established the following upper bound on the total domination of a tree in terms of the order and number of leaves.
Theorem 3 (Chellali and Haynes [2] ) If T is a tree with 2 n  vertices and s support vertices, then ( ) ( ) / 2 t T n s
We next state some known results on exact 1-step domination graphs.
Theorem 4 (Gavlas and Schultz [6] ) Every exact 1-step dominating set S induces a matching and so the cardinality of S is even, and  
Theorem 5 (Gavlas and Schultz [6] ) Let G be an exact 1-step domination graph. Every exact 1-step dominating set of G has cardinality ( ) t G  .
Theorem 6 (Gavlas and Schultz [6]) A tree T is an exact 1-step domination tree if and only if T can be recursively obtained from
 where each i T is an exact 1-step domination tree with exact 1-step dominating set i S , and We next give an upper bound on the total domination number in exact 1-step domination graphs.
Theorem 7
If G is an exact 1-step domination graph of order n with minimum degree  ,
Proof. Let G be an exact 1-step domination graph and let S be an exact 1-step dominating set for G. By Theorem 5, | .
Cockayne et al. [3] showed that ( ) 2 / 3 t G n   for any connected graph G of order 3 n  . We note that Theorem 7 improves the above bound for exact 1- [11] was the first to prove equality between the total domination number and the open packing number of any tree of order at least two.
Theorem 8 (Rall [11] ) For every tree T of order at least 2, ( ) ( )
However, this equality does not hold for any graph. For example one can see that
We show that this equality holds for every exact 1-step domination graph. 
BOUNDS ON THE SIZE
In this section, we obtain bounds on the size of an exact 1-step domination graph. For any even integer k , we define a family k  of graphs. A graph G belongs to k  if and only if
or G is obtained as follows: Let 1 2 P , P , ..., P k be k arbitrary pairwise disjoint subsets of the vertices of n k K  , where n k  is an integer, such that
, , ..., k x x x and / 2 k edges 2 2 1 ,
and joining i x to every vertex of i P for i = 1, 2, ..., k if i P   . , we find that
as desired.
We next prove the equality part. Assume that G is an exact 1-step domination graph of x is adjacent to 2 1
. Following the above part of the proof, we obtain that all inequalities in (1) and (2) become equality. In particular
Since S is an exact 1-step dominating set, so 1 , , k P P  are pairwise disjoint and Also the subgraph induced
Using the fact that the total domination number of a graph is always bounded above by the order of the graph, a simple calculation shows that the bound given in Theorem 10 improves the bound of Theorem 1 if G be an exact 1-step domination graph.
Now we obtain a better bound for the size of an exact 1-step domination bipartite graph. i i
, and joining 2i x to every vertex of i P , for 1, 2, ..., / 2 i k  if i P   , and
Theorem 11 Let G be an exact 1-step domination bipartite graph of order n and size m , with partite sets of cardinalities 1 n and 2 n . Then , ,..., k P P P P  be a partition of the vertices of H such that 
We next prove the equality part. Let Henc,
Now, assume that G is an exact 1-step domination graph of size
We show that x is adjacent to 2 1
. Following the above part of the proof, we obtain that all inequalities in (3) and (4) become equality. In particular
 , and any vertex of i P is adjacent to i x ,
It is easy to see that Theorem 12 improves Theorem 2 for exact 1-step domination connected graphs.
AN UPPER BOUND ON THE TOTAL DOMINATION NUMBER
In this section we improve Theorem 3 for exact 1-step domination trees. Let * * ( ) s s T  be the number of support vertices of degree 2 in a tree T . We will show that for any tree T of order 3 n  ,   Proof. We first establish the upper bounds. Assume that T is an exact 1-step domination tree of order 3 n  and * s is the number of support vertices of degree 2 in T . We proceed by induction on the order n . It is easy to check that the theorem holds if 3 n  . Assume the result holds for any exact 1-step domination tree T  of order n n   . Now consider an exact 1-step domination tree T of order 4 n  . By Theorem 6, T is obtained from a sequence 1 2 , , . . . , k T T T T  for some integer k , where 1 2 T K  and each i T is an exact 1-step domination tree by exact 1-step dominating set i S and 
